Abstract. We obtain the cohomology of the variational bicomplex on the infinite order jet space of a smooth fiber bundle in the class of exterior forms of finite jet order. This provides a solution of the global inverse problem of the calculus of variations of finite order on fiber bundles.
Introduction
Let Y → X be a smooth fiber bundle. We obtain cohomology of the variational bicomplex on the infinite order jet space J ∞ Y of Y → X in the class of exterior forms of finite jet order. This is cohomology of the vertical differential d V , the horizontal (or total) differential d H and the variational operator δ.
The two differential calculus of exterior forms O Remark 1. Throughout, we follow the terminology of [6] where by a sheaf S over a topological space Z is meant a sheaf bundle S → Z. Accordingly, Γ(S) denotes the canonical presheaf of sections of the sheaf S, and Γ(Z, S) is the group of global sections of S. All sheaves below are ringed spaces, but we omit this terminology if there is no danger of confusion.
Let us define a differential calculus over the ring Q 0 ∞ . Let O * r be a sheaf of germs of exterior forms on the r-order jet manifold J r Y and Γ(O * r ) its canonical presheaf. There is the direct system of canonical presheaves 
∞ of k-contact and s-horizontal forms, together with the corresponding projections
Accordingly, the exterior differential on Q * ∞ is decomposed into the sum
The variational bicomplex
Being nilpotent, the differentials d V and d H provide the natural bicomplex {Q
To complete it to the variational bicomplex, one defines the projection R-module endomorphism
Introduced on elements of the presheaf O * ∞ (see, e.g., [3, 7, 17] ), this endomorphism is induced on the sheaf Q * ∞ and its structure algebra Q * ∞ . Put
Since τ is a projection operator, we have isomorphisms
The variational operator on Q * ,n ∞ is defined as the morphism δ = τ • d. It is nilpotent, and obeys the relation 
The second row and the last column of this bicomplex form the variational complex
The corresponding variational bicomplexes {Q * ∞ , E k } and {O * ∞ , E k } of the differential calculus Q * ∞ and O * ∞ take place. There are the well-known statements summarized usually as the algebraic Poincaré lemma (see, e.g., [13, 17] ).
It follows that the variational bicomplex of sheaves (4) is exact for any smooth fiber bundle Y → X. Moreover, all sheaves Q k,m in this bicomplex are fine, and so are the sheaves E k in accordance with the following lemma.
Proof. Though R-modules E k>1 fail to be Q 0 ∞ -modules [17] , one can use the fact that the sheaves E k>0 are projections τ (Q 
∞ also yield the R-module endomorphisms
of the sheaves E k . They possess the properties required for E k to be a fine sheaf. Indeed, for each i ∈ I, there is a closed set supp f i ⊂ U i such that h i is zero outside this set, while the sum i∈I h i is the identity morphism.
2
This Lemma simplify essentially our cohomology computation of the variational bicomplex in comparison with that in [1, 16] . Since all sheaves except R and π ∞ * O * X in the bicomplex (4) are fine, the abstract de Rham theorem ( [6] , Theorem 2.12.1) can be applied to columns and rows of this bicomplex in a straightforward way. We will quote the following variant of this theorem.
be an exact sequence of sheaves on a paracompact topological space Z, where the sheaves S p and S p+1 are not necessarily acyclic, and let
be the corresponding cochain complex of structure groups of these sheaves. The qcohomology groups of the cochain complex (7) for 0 ≤ q ≤ p are isomorphic to the cohomology groups H q (Z, S) of Z with coefficients in the sheaf S.
The d H -and δ-cohomology of the differential calculus Q * ∞ on J ∞ Y has been found in [16] . Its δ-cohomology at terms Q 0,n ∞ and E 1 has been also obtained in [1] (several statements without proof were announced in [2] ). We recover this cohomology in a short way due to Lemma 3, and complete it by the d V -cohomology of Q * ∞ corresponding to columns of the bicomplex (4).
Cohomology of Q * ∞
We start from the following facts. It follows that every closed form φ ∈ Q * ∞ splits into the sum
Lemma 5. There is an isomorphism
where ϕ is a closed form on the fiber bundle Y . This splitting plays an important role in the sequel. Since the graded differential algebras O * ∞ and Q * ∞ have the same de Rham cohomology, we further agree to call
Let us consider the vertical exact sequence of sheaves
in the variational bicomplex (4) and the complex of their structure algebras
Proposition 9. There is an isomorphism 
Lemma 6 completes the proof. 2
The cohomology groups H * (m, d V ) have a C ∞ (X)-module structure. For instance, let
be a trivial fiber bundle with a typical fiber V . There is an obvious isomorphism of R-modules
Turn now to the rows of the variational bicomplex (4). We have the exact sequence of sheaves
Since the sheaves Q k,0
∞ and E k are fine, this is a resolution of the fine sheaf Q k,0 ∞ . It states immediately the following. (17) are trivial.
Proposition 11. The cohomology groups H
This result at terms Q k,<n ∞ recovers that of [16] . The exactness of the complex (17) at the term Q k,n ∞ means that, if
Since τ is a projection operator, there is the R-module decomposition
Remark 12. One can derive Proposition 11 from Theorem 4, without appealing to that sheaves E k are acyclic.
Let us consider the exact sequence of sheaves
where all sheaves except R are fine. Then, from Theorem 4 and Lemma 5, we state the following.
Proposition 13. Cohomology groups
This result recovers that of [16] , but let us say something more.
is represented by the sum
where ϕ ∈ O <n 0 is a closed form on the fiber bundle Y .
Proof. Due to the relation
the horizontal projection h 0 provides a homomorphism of the de Rham complex (11) 
Accordingly, there is a homomorphism
of cohomology groups of these complexes. Proposition 8 and Proposition 13 show that, for r < n, the homomorphism (23) is an isomorphism (see the relation (29) below for the case r = n). It follows that a horizontal form ψ ∈ Q 0,<n is d H -closed (resp. d H -exact) if
and only if ψ = h 0 φ where φ is a closed (resp. exact) form. The decomposition (12) and Proposition 11 complete the proof. 2
Proof. Being nilpotent, the vertical differential d V defines a homomorphism of the complex (22) to the complex
and, accordingly, a homomorphism of cohomology groups
Let us prolong the complex (19) to the variational complex
of the graded differential algebra Q * ∞ . In accordance with Lemma 3, the variational complex (5) The isomorphism (25) recovers the result of [16] and that of [1] at terms Q 0,n ∞ , E 1 , but let us say something more. The relation (3) for τ and the relation (21) for h 0 define a homomorphisms of the de Rham complex (11) of the algebra Q * ∞ to the variational complex (24). The corresponding homomorphism of their cohomology groups is an isomorphism. Then, in accordance with the splitting (12), we come to the following assertion which complete Proposition 14.
where ϕ is a closed (n + k)-form on Y and ξ ∈ Q * ∞ . (26) and (27), one can choose the forms ϕ U , ϕ V such that ϕ − ϕ U on (π
Cohomology of O
It is a D-exact form of finite jet order which, by assumption, can be written as ϕ U − ϕ V = Dσ where an exterior form σ is also of finite jet order. Lemma 19 below shows that σ = σ U + σ V where σ U and σ V are exterior forms of finite jet order on (π
Then, putting
we have the form φ equal to Dϕ
Since the difference ϕ 
into a sum σ U + σ V of exterior forms σ U and σ V of finite jet order on (π
Proof. By taking a smooth partition of unity on U ∪ V subordinate to the cover {U, V } and passing to the function with support in V , one gets a smooth real function f on U ∪V which is 0 on a neighborhood of U − V and 1 on a neighborhood of
on a neighborhood of (π It is readily observed that Theorem 18 can be applied to de Rham cohomology of O * ∞ whose isomorphism (13) to that of Q * ∞ has been stated.
The global inverse problem
The variational complex (24) provides the algebraic approach to the calculus of variations on fiber bundles in the class of exterior forms of locally finite jet order [3, 7, 17] . For instance, the variational operator δ acting on Q 
where ϕ is a closed n-form on Y (see the expression (26)).
Theorem 21. An Euler-Lagrange-type operator E ∈ E 1 satisfies the Helmholtz condition δ(E) = 0 if and only if
where φ is a closed (n + 1)-form on Y (see the expression (27)).
Theorem 21 contains the similar result of [1, 16] . [18] . As was mentioned above, a solution of the global inverse problem in the calculus of variations in the class of exterior forms of a fixed jet order has been suggested in [1] by a computation of cohomology of the fixed order variational sequence. The first thesis of [1] agrees with Theorem 20 for finite order Lagrangians, but says that the jet order of the form ξ in the expression (28) is k − 1 if L is a k-order variationally trivial Lagrangian. The second one states that a 2k-order Euler-Lagrange operator can be always associated with a k-order Lagrangian. However, because of the sophisticated technique, these results were not widely recognized.
